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Abstract

The finite line source solution is routinely used for thermal simulations of geothermal boreholes, for instance
in the evaluation of g-functions. This solution models thermal response factors that give the ground
temperature variation due to heat extraction at a borehole and is the fundamental building block for borehole
simulations based on semi-analytical methods. In typical approaches, piecewise-uniform heat transfer rates are
assumed along boreholes and the resulting temperature variations are averaged along borehole segments.
Recently, a simulation method that assumes piecewise-polynomial heat transfer rates along the borehole was
introduced. Temperature variations are evaluated at nodes along the boreholes, instead of averaged along
segments, facilitating the formulation of the finite line source solution. In this paper, a specialized high-order
finite line source solution is developed for straight boreholes, including vertical and inclined boreholes. A
recurrence formula is presented to evaluate higher order solutions from the zeroth and first order solutions,
with only the zeroth order solution necessitating the numerical evaluation of an integral. Compared to earlier
methods, the new solution decreases the number of integral evaluations to one evaluation per ground
temperature from a number equal to the number of state variables (i.e. number of discrete values of heat
extraction rates) per ground temperature. While the specialized solution correctly evaluates high-order finite
line source solutions, it is shown that numerical errors are amplified when using the recurrence formula.
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1. Introduction

Thermal simulations of ground-source heat pump systems aim to predict the variations of the heat carrier
fluid temperatures in the geothermal borefield. A heat transfer model of the geothermal boreholes and the
ground is employed to evaluate the evolution of ground temperatures — typically evaluated at the borehole
walls — due to heat injection or extraction during the operation of the system. A common approach is to
temporally and spatially superimpose analytical heat source solutions to obtain temperature variations along
the boreholes, and then consider the effective borehole thermal resistance to retrieve the heat carrier fluid
temperature.

Assuming that pure conduction prevails in a ground with isotropic and homogeneous thermal properties
and with a constant and uniform temperature at the ground surface, the finite line source analytical solution
can be used to evaluate ground temperature variations by modelling boreholes as line sources [1, 2]. Making
use of averaged temperature variations along line segments [3, 4] and assuming piecewise-uniform heat
transfer rates along the boreholes, boreholes can be discretized to apply different boundary conditions along
the boreholes, such as a uniform borehole wall temperature [5], an equal inlet fluid temperature in parallel-
connected boreholes [6], or a uniform fluid temperature inside boreholes [7]. The approach also applies when
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boreholes are inclined [8], although it necessitates specialized inclined finite line source solutions [9—11].
Despite not being covered here, accelerated approaches to evaluate ground temperatures have been proposed
for vertical boreholes and extensions of the finite line source solutions have been proposed to model, for
instance, groundwater advection and heterogeneous ground properties.

Recently, a discretization approach assuming piecewise-polynomial variations of heat transfer rates and
borehole wall temperatures was developed [12]. The new approach presents the advantage that borehole wall
temperatures are evaluated at nodes along the boreholes, rather than averaged along line segments. This makes
the formulation of the finite line source solution simpler and applicable to vertical, inclined and curved
boreholes. In addition, the solutions for vertical and inclined boreholes are the same, thus avoiding the need
for a specialized solution in the latter case. Gains in accuracy have also been shown. The approach necessitates,
for each point where the temperature is to be evaluated, the solution of one integral per discretization node
along the borehole. This is similar to the averaged temperature approach, where one integral is solved per line
segment. In both cases, one integral is required per state variable along the borehole.

In this paper, a specialized solution is developed for piecewise-polynomial heat transfer rates along straight
boreholes. The high-order finite line source solution is first defined. A recurrence formula is derived to evaluate
higher-order solutions from the zeroth and first orders. Thermal response factors for temperature variations at
points due to the contribution of each node along the borehole are then evaluated from the finite line source
solutions. The new specialized solution decreases the number of required integral evaluations per evaluation
point down to 1 (from a number equal to the number of nodes along the borehole).

2. Methodology

The borehole is modelled as a straight finite line source, as shown on Fig. 1. The borehole has a length L.
Its top end is located at a position Py = (X, Yo, Zo) in ground of thermal conductivity A and thermal
diffusivity a. Its axis is oriented following the unit vector u. Note that the z-axis is oriented upwards. The
coordinate along the borehole é € [—1, 1] is centered at the borehole mid-point (i.e. at ¢ = 0). Quantities,
such as the position p,(§) and longitudinal position s,(¢) along the borehole can be expressed as a function
of this coordinate:

Py(§) = Po + 2 (1 +8). (1)

(&) =21+, )

"‘-rzj + (SD(E) - 51))2

Figure 1. Geometry of the finite line source
2.1. High-order finite line source solution
The temperature drop at a point p around the line source is evaluated by the integration of the point heat

source solution, weighted by the heat extraction rate per unit borehole length q'(§) (constant in time but
varying along the length of the line), along the length of the line (i.e. from ¢ = —1 to 1):
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AT*(B,6) = = [ erexp(—12u2) - o= [1 ' () exp (—(sp() — 5,) u?) d§ e, )

where AT*(p,t) is the temperature drop at point p due to a constant (but varying along the length) heat
extraction starting at time 0 and maintained until time ¢, 7, is the radial distance between the axis of the
borehole and point p, and s, is the longitudinal projection of point p onto the borehole. Note that the
integration variable u is distinct from the unit vector u. The radial-axial position (7,,s,) is given by:

% = 1@ (&) —p) x ull, )
$p = (o —P) - U (6)

where (X) denotes the cross product, (-) denotes the dot product and ||( )|| is the Euclidean norm.
Assuming that the heat extraction rate can be expressed as a polynomial of degree n — 1:

q'(§) = a0+a1g‘+a252 +"'+an—1fn_1s @)

the temperature drop can be expressed as a weighted sum of solutions corresponding to each order k of the
polynomial representation of the heat extraction rate:

N _ oo 2
AT*(B,0) = =i ay [ pexp(—13u2) o= [1 € exp (=(55(9) — 5,) "u?) d§ du

1 _ R
= om woo al (P, 1)

®)

where I (p,t) is defined as the finite line source solution of order k evaluated at point p and at time ¢t.

A change of variable n = (1 +¢) — 2s,/L is introduced to facilitate the solution of the integrals in
Eq. (8). The heat extraction rate can be expressed as a function of the new variable 7 instead of the coordinate
& using a polynomial of the same degree n — 1:

q'(m) = by + by + byn* + -+ + by "7, ©)
and the expression for the temperature drop becomes:

%) 1 - o L (2-2sp/L 120242
AT, £) = EZ};L:(% bk fl/\/m exp(—r7u?) - 2vr —zsp/i N’ exp (_ 774u )dn du

= — i bk (B, t)

, (10)

where J,(p,t) is the integral of order k. The inner integrals of I, and J, result from the integration over
the same length corresponding to the interval € = —1 to 1. The difference between the two resides in the
fact that the heat extraction rate is centered around the midpoint of the borehole in the case of I, (i.e.at & =
0) and around the projection of point p onto the borehole axis in the case of J, (i.e.at n = 0).

The finite line source solutions I, can be evaluated from the integrals J, using the binomial formula and
the variable change between Egs. (7) and (9):

LaGo=3 (") (& -1)" G, (1

2.2. Zeroth order integral (J,)
The zeroth order integral of Eq. (10), for k = 0, is given by:

R ) L (2-25,/L L2n%u?
Jo(o,t) = fl/\/m exp(_rpzuz) " ovm _zsp/lz exp (_ T) dn du. (12)

Xo(pw)

The inner integral X, has a solution:
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Xo(p,u) = i [erf (u(L - sp)) + erf(usp)]. (13)
The resulting second integral, however, does not have a solution:
Jo@,0) = [} marexp (=17 u?) - Xo (B, wdu. (14)
2.3. First order integral (J,)

The first order integral of Eq. (10), for k = 1, is given by:

- [e] L 2-2 /L L2 2,,2
3.0 = [, exp(—rfu?) - 5= 2,00y exp (=) d (15)

X1(p,w)

The inner integral X; has a solution:
X, (p,u) = uz_—\/lﬂ [exp (—uz(L - sp)z) - exp(—uzsg)], (16)

and the resulting second integral also has a solution:

2 2 2
Lo 1 ) _ 2 Jr+(L-sp) > > Tp+Sp
Ji(p,t) = . /rp + (L sp) erf T + 1 + sjerf T
. \/E _ r§+(L—sp)2 _ _ TE+s3
VrL [exp( 4at exp( 4at )

2.4. High-order integrals (J},)

(17

2.4.1. Recurrence formula for the inner integrals (X))
In the case of higher order integrals, for k = 2, a recurrence formula can be obtained. The solution involves
first obtaining a recurrence formula for the high-order inner integral X;, of J, defined by:

L 2.2\ L r2-2sp/L g L2n?u?
@0 = [ gexp(—17u?) - 5= 2,20 ¥ exp (- 1) dn du, (18)
Xp(®w)
X (3 _ L 2-2sp/L g L2n%u? d 19
KB.w) = = [0 exp (— 54 . (19)

A useful property of the inner integral relates its derivative to lower orders of the inner integral. Taking the
derivative of Eq. (19) with respect to the variable u:

dXp _ L r2-2sp/L i _uL2n2 _L2n2u2
du (p’u)_zﬁf—zsp/L n ( 2 )exp( 4 )dn

i , (20)
== TXk+2(p: u)

with the derivative of the k™ order inner integral thus related to the inner integral of order k + 2.
The recurrence formula for X} is obtained by integration by parts, as follows:
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Lo L 2-2sp/Lpq ( znzuz)
Xe(pw) == 25,1 TI "1 exp "
av’
—L(_ 2nk—1e (_LGzuz))z 2sp/L fz 25p/L2(k=1) _jo_ 24 (_LGzuz)d
S\ CPTT)) T e e TP ITT) A gy
2£§Z§)Xk—z(ﬁ.u)
2-2sp/L

— =1 (k-1 _n*u 2(k-1)
wZJmlL (77 EXP( P ))17=—25p/L W2L2 7 X2 (W)

2.4.2. Recurrence formula for the high-order integrals (J))

The recurrence formula is obtained by considering each of the derivative property of Eq. (20) and the
recurrence formula of the inner integral of Eq. (21). Inserting the derivative property of Eq. (20) into the high-
order integral of Eq. (18) and applying integration by parts:

Je®,0) = 3 [} gz exp(—riu u?) - P2 (5, u)du

u’ dv’
2 [ee} N
( exp(— Z)Xk L, (P, u)) ) _L_2f1/\/m2rpz eXp(—rpzuZ) Xe—p (P, w)du
~Vaat

413

Fe=2B.t) - (22)
2 ©o 1 N

- fwmﬁ exp(—n2u?) - X,—, (, u)du

Yk 2(0,t)

= 2vaatep (— L) Xy (Prs) = L ia0) = 2Yia .0

This expression includes a new integral Y _,, which does not have a solution. However, it can be eliminated

by considering the recurrence formula of the inner integral. Inserting the recurrence formula of Eq. (21) into
Eq. (18):

z(k 1)
Je®,0) = 252 [z e (—12u?) - Xy (B, wdu

Yi—2(®t)
I 1 —02,2Y L (k-1 _ Pnu 2-2sp/L
\/ﬁLfl/V‘WtuzeXp( rpu) (77 exp( 4 ))n=—25p/Ldu' (23)
Ki-1(®)t)

_2(k-1)

Yo (@, 1) — K1 (P, 1)

The integral Yj_, can be isolated in Eq. (23) and substituted into Eq. (22), leading to the final recurrence
formula for the high-order integral Jp:

R 2(k-1) 2 .1 4(k—1)17 R 1 N
Jo@,6) = X2 Vaat exp (- 22) Xioa (B o) = om Lz (B 8) = 1K BD), (24)

where the integral Kj_; has a solution:

2sp/L
K (5,8) = = [0 (S exp(—d2 () u?) — d(n)V exfe(d (n) “))]n_-z W (25)
@) = [rz +50, (26)

It can be seen that the evaluation of integrals J, up to an order n only involves the evaluation of one
integral, that of the zeroth order J,, which only affects the even numbered orders. The finite line source
solutions [, can then be obtained from Eq. (11). This provides potential computational benefits over the
numerical evaluation of the integrals of Eq. (8). While it can be reduced to a single integral (instead of a double
integral) by inverting the order of integration, it still leads to the evaluation of n integrals.
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2.5. Thermal response factors (hy,)

The superposition of finite line source solutions in Eq. (8) depends on the values of coefficients of the
polynomial expression of the heat extraction rate. For simulations or for the evaluation of g-functions, it is
more convenient to express thermal response factors based on values of the heat extraction rates at nodes
distributed along the finite line source, as proposed by Cimmino et al. [12]. Here, it is considered that n nodes
are distributed along the source at coordinates &, corresponding to the locations of the roots of the Legendre
polynomial of degree n, as used in Gauss-Legendre quadrature. The temperature drop at a point p is then
given by:

R 1 1 -

AT, t) = —¥5z0q' ) hm @, 1), 27
where h,,(p,t) is the thermal response factor of node m onto point p atatime t and q'(&,,) is the heat
extraction rate at node m.

The thermal response factor is evaluated from the finite line source solutions. Using the method of images,
the finite line sources evaluated at a mirrored point is subtracted:

hon(B,6) = ZhZd e (B0 = L(P.1)), (28)

where ﬁ = (x,y,—z) is the mirrored point with regards to the horizontal ground surface (z = 0). The
coefficients ¢, only depend on the locations of the nodes [12]:

1 1 1 11
Sco 51 fn—1

[Cm,k] = Szg '512 RN Sl (29)
gt e g

3. Results

The accuracy of the proposed expressions is evaluated for the case of a single vertical borehole of length
L =150 m and radius 73, =0.075 m, buried at a distance D =4 m from the ground surface. The ground has a
thermal conductivity A =2 W/m-K and a thermal diffusivity a = 10-® m?/s. The discretization of the borehole
employs 11 nodes, and thus the first eleven orders (from k =0to k = 10) of the integrals and finite line source
solutions are considered. The expressions are evaluated at time values corresponding to the dimensionless
range In(t/t,) =-5to 5 (with ty = L?/9a), which covers the time scales of interest for the evaluation of long-
term thermal response factors. The methodology is implemented in Python using numpy [13] and scipy [14].

3.1. Inner integrals (Xy,)

Fig. 2 shows the values of the 0%, 1%, 9" and 10" order of the inner integral X, evaluated at the borehole
mid-point (i.e. at r, =7, and s, = L/2) using the recurrence formula of Eq. (21) along with the solutions of
the first two orders in Egs. (13) and (16). Values are shown as a function of the integration variable u =
1/v/4at, and thus large values of time correspond to small values of u. The absolute error |¢| is evaluated
with respect to reference values obtained from the numerical integration of Eq. (19) using adaptive 21-point
Gauss-Konrod quadrature as implemented in scipy.integrate.quad_vec. It is shown that the absolute
error increases at higher orders and at low values of u, reaching |¢| =0.193 when k=10 and u =8.21-10"*
(corresponding to In(t/ts) = 5). The amplification of the error is explained by the factor 1/u?L? that appears
in the recurrence formula of Eq. (21). Unrolling the formula, this leads to factors up to 1/(uL)*. At
In(t/ts) =5, the factor (uL)* = 18.27% varies from unity (at k = 0) to the order of 10'? (at k = 10). Since
low values of u generate the largest errors, the rest of the analysis will focus on the case when In(t/t;) = 5.
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Figure 2. Inner integrals X evaluated at the mid-point of the borehole at 7, = 7,: (top) absolute errors, and (bottom) values
3.2. High-order integrals (]i)

Fig. 3 shows the values of the 0%, 1, 9" and 10" order of the integral J, evaluated along the borehole (i.e.
at 7, = 13) using the recurrence formula of Eq. (24) along with the solutions of the first two orders in Eqgs. (14)
and (17). The 0" order integral and reference values of the integral are evaluated using the same
aforementioned adaptive 21-point Gauss-Konrod quadrature. Here again, the absolute error increases at higher
orders. The absolute error at the borehole mid-point is |&| = 5.82-10° when k =10 and J;, = 0.0936. The
recurrence formula for the integral J, involves a factor —r}/L?. Since 7}, is generally much lower than L,
the factor is much smaller than 1 at the borehole wall. Numerical errors may still arise due to alternating signs
of successive terms. Further from the borehole, 7, can grow to the same order as L. Fig. 4 shows the values
of the 0™, 1%, 9™ and 10™ order of the integral J, evaluated at a distance 7, = L from the borehole. The
absolute error and the integral are of the same order as at 7, =7, : the maximum absolute error is
|e| = 5.71-107 at the mid-point when k =10 and J;, = 0.0349. The relative errors |€|/];, are thus 6.22-10*
and 1.63-10% at 7, =1, and 7, = L.
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Figure 3. High-order integrals Ji evaluated along the borehole at 7, = 7;,: (left) values, and (right) absolute errors
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Figure 4. High-order integrals J evaluated along the borehole at 7, = L: (left) values, and (right) absolute errors

3.3. High-order finite line source solutions (I,)

Fig. 5 shows the values of the 0%, 1, 9" and 10" order of the integral I, evaluated along the borehole (i.e.
at 7, = 13). The reference values of the integral of Eq. (18) are evaluated using the adaptive 21-point Gauss-
Konrod quadrature. As in the cases of the inner integral X, and of the integral [, the absolute error increases
at higher orders. The absolute error at the borehole mid-point is || =9.43-10° when k =10 and
I;0 = 0.0935. Since, the finite line source solutions are obtained simply from the binomial formula of Eq. (11),

the absolute error remains of similar order of magnitude to the absolute error on the integral J,,.
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Figure 5. High-order finite line source solutions I, evaluated along the borehole at 7, = r;,: (left) values, and (right) absolute errors

3.4. Thermal response factors (hy,)

Fig. 6 shows the thermal response factors of a borehole discretized using 11 nodes, located at coordinate
&n corresponding the locations of the roots of the Legendre polynomial of degree n = 11. Thermal response
factors are evaluated at In(t/t;) = 5, at positions corresponding to the longitudinal positions s, (¢,,) of the

8
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nodes and at a radial distance 7, = 1;,. Thermal response factors are shown for the impact of the first, center
and last nodes along the boreholes (i.e. at m =0, 5, and 10). These nodes were chosen since the edge nodes
(i.e. m =0 and 10) have the smallest errors and the center node (m = 5) has the largest errors. The maximum
absolute error is |&| = 1.48-10 at the mid-point when m =5 and hg(&s) = 5.53 and the corresponding
relative error is |&|/h,, = 2.69-1073. The relative error is much larger when evaluated at an edge node. For
instance, the absolute error is || =9.96:107 at coordinate &, when m =5 and hs(&,) =0.033 and the
corresponding relative error is |&|/h,, = 0.433.

-1.00 P 1F o ;
-0.75 . ]
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(YOS ] ]
0.25 . .
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Figure 6. Thermal response factors h,, evaluated at nodes along the borehole at 7, = r;,: (left) values, and (right) absolute errors
4. Conclusions

A specialized solution for the high-order finite line source solution was presented. The solution uses a
recurrence formula to evaluate the k™ order solution from the 0™ (for even k) or the 1% order solution (for
odd k), with only the 0% order finite line source solution necessitating the numerical evaluation of an integral.

High-order finite line source solutions are shown to be correctly evaluated when compared to reference
solutions. However, results show numerical errors that increase with the order of the finite line source solution,
likely due to high powers that appear in the recurrence formula and to the sum of terms with alternating signs
arising from the integration by parts. Greater numerical errors are observed when evaluating thermal response
factors. The relative error is especially large at low values of thermal response factors. While the error is
relatively large in these cases, it is not necessarily the case that these errors will translate into equally large
errors in simulations or in the evaluation of g-functions, since the absolute error may remain small when
compared to the total temperature change at nodes along the borehole. Future work will quantify the accuracy
of the proposed specialized solution in the context of simulations and g-function evaluation.

Methods to decrease the numerical errors in the evaluation of the recurrence formula will also be explored.
Potential solutions are to unroll the recurrence formulas of Eqgs. (21) and (24) and evaluate the high degree
polynomials using Horner’s method, to develop an approximation for the high-order finite line source solution
(for large k) and apply the recurrence backwards, or a combination of both.

5. Nomenclature

a; : Coefficients for the polynomial representation of q'(¢)

b, : Coefficients for the polynomial representation of q'(7)

Cm, - Basis function coefficients to evaluate thermal response factors from the finite line source solution
h, (P, 1) : Thermal response factor of node m onto point p

I,(P,t) : Finite line source solution of order k at point p

J(P,t) :Integral of order k atpoint p
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L : Length of the borehole

p :Point (x,y,2)

ﬁ : Mirrored point (x,y, —z)

Do : Position of the head of the borehole (x4, Vo, Zo)

P, (€) : Position along the borehole as a function of the coordinate &

q' (&), q'(n) : Heat extraction rate per unit borehole length as a function of the coordinates & or 1
7, : Radial distance between point p and the axis of the borehole

sp (&) : Longitudinal position along the borehole as a function of the coordinate ¢

s, : Longitudinal position of point p projected onto the axis of the borehole

AT(p,t) : Temperature drop at point § due to heat extraction along the borehole

t : Time

u : Integration variable

U : Unit vector for the orientation of the borehole, directed from top to bottom

X, (@, u) :Inner integral of order k at point p

a : Ground thermal diffusivity

|e| : Absolute error

n : Coordinate along the borehole axis, centered around the projection of point § onto the borehole
A : Ground thermal conductivity

& : Coordinate along the borehole, with ¢ = —1 at the top and & = 1 at the bottom
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